The structural theory of matchings is used to establish lower bounds on the number of perfect matchings in n-extendable graphs. It is shown that any such graph on p vertices and q edges contains at least (n + 1)!/4[q − p − (n − 1)(2 − 3) + 4] different perfect matchings, where is the maximum degree of a vertex in G.
3-connected and G − u − v has a perfect matching for every pair of distinct vertices u, v ∈ V (G).)
In what follows, we establish some results of this type for general n-extendable graphs.
We shall use the following properties of n-extendable, and in particular, 1-extendable graphs.
Lemma 1 (See Plummer [5] ). Let n be a positive integer. Then an n-extendable graph G is (n − 1)-extendable and (n + 1)-connected. Hence, the minimal degree of a vertex in an n-extendable graph is at least n + 1.
Lemma 2. Let n 2 be an integer and let G be an n-extendable graph. Then the graph G−{u, v} is (n−1)-extendable, for all pairs of vertices u and v connected by an edge of G.
Proof. Let us denote the edge connecting u and v by e. Consider a set of n − 1 independent edges in G − {u, v} and denote it by N. The set N ∪ {e} is an independent set of edges in G of cardinality n, hence it can be extended to a perfect matching in G. Denote this perfect matching by M(e, N). Then the set M(e, N) − e is a perfect matching in G − {u, v}, and it contains the set N. Hence, the graph G\e is (n − 1)-extendable.
Theorem 3.
Let G be a 1-extendable graph with p vertices and q edges. Then
Proof. The result follows using the technique of ear decomposition, as explained in Chapter 5 of [3] . We outline the proof here for reader's convenience. Let G be a graph and G a subgraph of G. An ear of G relative to G is any odd-length path in G having both end-vertices-but no interior vertex-in G . An ear decomposition of G starting with G is a representation of G in the form G = G + P 1 + · · · + P k , where P 1 is an ear of G + P 1 relative to G , and P i is an ear of
An ear decomposition of a given graph is not unique. It can be shown that every 1-extendable graph permits an ear decomposition starting with any given edge of this graph. However, if we want that every intermediate graph in an ear decomposition of a 1-extendable graph be itself 1-extendable, we may have to add more than one ear at the time.
A subgraph G of any graph G is nice if G − V (G ) has a perfect matching. An ear system of G relative to G is a set of vertex-disjoint paths in G of odd length each of which is openly disjoint from G , but has both end-vertices in G . A sequence of subgraphs of G,
. , m is a nice 1-extendable subgraph of G and for each i, G i+1 is obtained from G i by attaching an ear system relative to G i . Integer m + 1 is the length of the decomposition.
Every 1-extendable graph has a graded ear decomposition starting with any given edge of this graph [3, p. 176 ]. 1-extendability of intermediate graphs G 1 , . . . , G m−1 is important because it implies that upon attaching an ear system to the graph G i we obtain graph G i+1 with (G i+1 ) > (G i ). (Every perfect matching of G i can be extended to a perfect matching of G i+1 by taking every second, fourth and so on, edge on every ear attached to the G i . But 1-extendability of G i+1 implies that there has to be at least one perfect matching of G i+1 which contains odd-numbered edges on ears attached to the G i . Such a matching, restricted to the graph G i , leaves the end-vertices of the ears uncovered, so it cannot be a perfect matching of G i .)
Since each ear is a path with one more vertex than edge, one can conclude that the number of ears (but not the number of ear systems) in an ear decomposition of a given 1-extendable graph is always equal to q − p + 2, where the starting edge is counted as the first ear, and p and q are numbers of vertices and edges in this graph, respectively. As each ear system adds at least one more perfect matching to the already constructed graph, it is possible to obtain a lower bound of (G i ) by finding the longest ear decomposition of G. An important result, called the Two Ear Theorem [3, p. 182] states that it is always possible to find a graded ear decomposition of a 1-extendable graph in which each ear system, except the first two, contains at most two ears. The first two ear systems are guaranteed to consist of single ears.
In the worst case, all ear systems except the first two will require two ears, and all possible ears will be spent in (q − p)/2 steps. Hence, in a 1-extendable graph on p vertices and q edges, there must be at least (q − p)/2 + 2 different perfect matchings.
The lower bound of Theorem 3 is sharp. In Fig. 1 we reproduce, for the reader's convenience, the example from p. 179 of [3] of a graph with p vertices and q = 2p − 2 edges. According to Theorem 3, this graph contains at least (q − p)/2 + 2 = p/2 + 1 different perfect matchings. On the other hand, it is easy to see that choosing any of p/2 + 1 edges incident to the topmost vertex uniquely determines the perfect matching in the rest of the graph. Hence, the graph contains exactly p/2 + 1 different perfect matchings, and the lower bound of Theorem 3 is sharp.
Let e be an edge of a graph G with a perfect matching. If e does not appear in any perfect matching of G, we may say that this edge is not important for the task of perfect matching enumeration. Motivated by this observation, we define the importance, (e), of an edge e as the number of perfect matchings of G that contain the edge e. The edges with positive importance are called allowed in the structural theory of matchings; the edges whose importance is zero are forbidden. Thus, the concept of importance of an edge is a quantitative refinement of the concept of allowedness. Obviously, in a 1-extendable graph G we have (e) 1 for all edges e, and no better lower bound is possible without additional information about G. Now we can state the main result of this note.
Theorem 4. Let n 2 be an integer and let G be an n-extendable graph on p vertices and q edges with maximal degree
. Then
Proof. Let e 1 ∈ E(G) be an edge of G with end-vertices u 1 and v 1 such that (e 1 ) = min e∈E(G) (e). The graph G − {u 1 , v 1 } we denote by G 1 . This graph has p − 2 vertices and at least q − (2 − 1) edges. Also, by Lemma 2, this graph is (n − 1)-extendable. Since (e) (e 1 ) for all e ∈ E(G) and d(v) n + 1 for all v ∈ V (G), it follows that (G) (n + 1) (e 1 ) = (n + 1) (G 1 ). Let us now repeat this procedure with the graph G 1 , i.e. let us find an edge e 2 such that (e 2 ) = min e∈E(G 1 ) (e). Let the end-vertices of e 2 be u 2 and v 2 . Then the graph
. By iterating this procedure n − 1 times, we obtain a descending sequence of graphs,
But the graph G n−1 is 1-extendable, and it has p = p − 2(n − 1) vertices and q edges, where− (n − 1)(2 − 1). By Theorem 3,
The claim now follows by substituting this lower bound into inequality (1).
There are good reasons to believe that there are no non-trivial examples of n-extendable graphs for n 2 for which the lower bound of Theorem 4 is sharp. Namely, there is a conjecture that for k 3 there exist constants c 1 (k) > 1 and c 2 (k) > 0 such that every k regular 1-extendable graph on 2p vertices contains at least c 2 (k) · c 1 (k) p perfect matchings [3, p. 314] . In other words, the number of perfect matchings in k-regular 1-extendable graphs is believed to be exponential in the number of vertices. The conjecture is true for all bipartite k-regular graphs [3, Theorem 8.1.3, p. 311], and it has also been established for some classes of non-bipartite graphs, such as the fullerene graphs of sufficiently high symmetry [2] . Hence, it is not very likely that the polynomial lower bound of Theorem 4 could be sharp on regular n-extendable graphs. For non-regular n-extendable graphs the lower bound is again not likely to be sharp, since we are consistently underestimating the number of remaining edges in the sequence of graphs G ⊃ G 1 ⊃ G 2 ⊃ · · · ⊃ G n−1 in the proof of Theorem 4.
